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Automorphic Forms and L-functions, Theory

and Applications

Monday, April 8, 2024, 15:00 - 16:30 h
Wednesday, April 10, 2024, 15:00 - 16:30 h
Monday, April 15, 2024, 15:00 - 16:30 h

Wednesday, April 17, 2024, 15:00 - 16:30 h
Monday, April 22, 2024, 15:00 - 16:30 h

Wednesday, April 24, 2024, 15:00 - 16:30 h
Friday, April 26, 2024, 15:00 - 16:30 h
Monday, April 29, 2024, 15:00 - 16:30 h

Venue: Schrödinger Lecture Hall
Lecture Course: 250098 VU

The following topics will be considered:

1. Elliptic functions

2. Elliptic curves

3. Modular forms (Automorphic forms for SL(2,Z))

4. Generalizations of modular forms to abelian varieties

5. L-functions associated to modular forms, Dirichlet characters and elliptic curves

6. Applications in mathematical problems: Modularity Theorem, Riemann Hypothesis, the Birch & Swinnerton-
Dyer conjectures (and very brief overview of the Langlands program)

7. Applications in physics

8. Applications in computing and cryptography
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Abstract: This is an introductory course on the theory of automorphic forms and L-functions. These objects
play a central role in modern mathematics and are crucial to making progress towards some of the biggest
problems in mathematics. For most of the course, we will deal with the simplest automorphic forms viz.,
modular forms. The course will begin with introducing the theory of elliptic functions and elliptic curves. We
will then see how modular forms arise from the theory of elliptic functions. We will then study the key properties
of modular forms (the structure of spaces, algebra etc). We will then consider generalizations of modular forms
to other abelian varieties. We shall then turn focus to L-functions which we motivate through the theory of
Hecke eigenforms. L-functions serve as a bridge between modular forms and arithmetic. Following study of
some fundamental properties of L-functions, We shall then consider two kinds of L-functions (the Dirichlet
L-functions and L-functions of elliptic curves).

We shall then spend the final three lectures discussing applications and stating open problems. The open prob-
lems we will introduce here are the Riemann Hypothesis, the Birch and Swinnerton-Dyer conjecture. Amongst
the applications, we shall consider the relation between Diophantine analysis and the Modularity theorem which
solves Fermat’s last theorem by placing the L-functions of elliptic curves and L-functions of certain Hecke
eigenforms on the same footing.

The two lectures on applications will be divided into two: The first being applications in physics. The second
being computational. In applications to physics, we shall discuss string amplitudes and BPS partition functions.
We shall also go over the case of various moonshine phenomena. In application to computing, we shall consider
the application of modular forms and L functions to cryptography and error correcting codes.

To make calculations faster, some computer algebra such as SageMath, Pari/GP, and/or Mathematical packages
will be made available.

Target audience: Mathematics undergraduate and master’s students, PhD candidates/postdocs in mathematical
physics and string theory. Those with interests to learn and discuss are also welcome to attend the course.

Assessment: Students can obtain 2 ECTS/1 SWS as VU by attending a minimum of 6 lectures AND submit-
ting an essay. Students wishing to obtain ECTS credits are requested to inform intent to obtain credits to the
instructor Abhiram via email at kidambi@duck.com as soon as possible.

Essay topic will be handed out by instructor during the span of the course. Essay = 12pt AMSART format,
Roughly 6 pages excluding bibliography (i.e. 7 pages including bibliography). Deadline for submitting essay =
29 May 2024 (1 month after end of course).

Please discuss any extenuating circumstances with the instructor.

Prerequisites: Familiarity with complex analysis and basic algebra will be helpful. Familiarity with at least
one of the following will be helpful: Pari/GP (C based), SageMath (Python based), Mathematica. This course
can also be seen as a nice way to start programming with these languages/software, especially Pari/GP. No prior
knowledge of string theory or computing or cryptography will be required for the last two lectures.

Ch. Dellago

March 14, 2024
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