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Abstract:

The primary objective of this thesis is to develop and generalize fundamental results
in complex analysis within the context of spaces of generalized functions. The frame-
work employed is that of the ring of Robinson-Colombeau generalized numbers, consi-
dering also the necessary connection with spaces of Colombeau generalized functions
(CGF) and spaces of generalized smooth functions (GSF).

Historically, in the context of CGF, it was natural to define holomorphic generali-
zed functions using the Cauchy-Riemann equations (CRE). This approach leveraged the
fact that partial derivatives of a CGF were already well-defined; furthermore, through
pointwise evaluation, one could define a complex function of a complex variable via
its real and imaginary parts, a step that is significantly more difficult, sometimes even
impossible, when using Schwartz distributions. Even if an important result such as the
CRE is directly taken in the definition, this approach probably appeared more natu-
ral than considering the limit of the incremental ratio in a ring with a sharp topology
usually managed through valuation and sharp norm. However, a more general notion
of differentiability using the classical Newton quotient has since been considered in
the Colombeau setting, both for the complex and the real case. Following this trajec-
tory, the first part of this thesis defines a generalized holomorphic function (GHF) in
our framework by using some kind of limit of the incremental ratio, like for ordinary
holomorphic functions, rather than assuming the CRE a priori.

In the second part of the thesis, we advance the GHF theory by defining and analy-
zing path integrals. This approach exploits integration theory of generalized smooth



functions (GSF), which offers significant advantages over standard Colombeau theory.
The adoption of GSF is a pivotal aspect of this framework; crucially, GSF are closed
under composition and can be defined on arbitrary domains, rather than being restric-
ted to . (the set of compactly supported generalized points in €2). One can argue that
reducing to compactly supported points is only an unwanted inheritance of Schwartz
distributions theory, which is intrinsically tied to open sets 2 C R™. We proved that se-
veral classical theorems of differential and integral calculus can be extended from the
ordinary holomorphic case to the generalized holomorphic framework. These include
Morera’s theorem, the Cauchy-Goursat theorem, Cauchy’s integral formula, Cauchy’s
inequality, the mean value property, a generalized version of the Jordan curve theorem,
and a version of the Riemann mapping theorem. We validate the theory through signi-
ficant examples, including the Dirac delta and the Heaviside function, as well as their
free composition, with only the usual limitations related to codomain and domain, and
hence, nonlinear operations.

In the third part, we establish a major result in the generalized setting: the equiva-
lence between generalized holomorphic functions and generalized analytic functions.
In the ring of Colombeau generalized numbers, the use of ordinary series is severely
restricted by a topological and non-Archimedean constraint. Specifically, we necessa-
rily have to use the sharp topology, which is generated by infinitesimal neighborhoods
and within this framework, a series y . a,, of generalized numbers converges if and
only if a,, — 0. Consequently, classical Taylor series representations for generalized
functions are limited to infinitesimal neighborhoods. To overcome this limitation, we
reintroduce the theory of hyper-power series, defined by summation over the set of
hyperfinite natural numbers. We establish the foundational algebraic and topological
properties of these series, including their sets and radii of convergence. Furthermo-
re, we define generalized analytic functions and extend several fundamental theorems
of complex analysis to the GHF framework. Specifically, we provide generalizations of
Goursat’s theorem, Liouville’s theorem, the identity theorem, and Paley-Wiener theo-
rem.

Finally, this GHF theory is intrinsically linked to the solution of nonlinear Partial
Differential Equations (PDEs). For instance, a key future objective is to generalize the
Cauchy-Kowalevski theorem to the GHF setting. This is of particular significance gi-
ven that Colombeau theory, which embeds Schwartz distributions, is currently one of
the most successful frameworks for solving nonlinear PDEs. Our approach shares de-
ep conceptual analogies with this established theory, offering a promising pathway for
this future research, that we, however, did not develop in this thesis.
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