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Definition
B — (7, 0)? means that every graph on a set of size 3 has an
independent set of size v or a complete subgraph of size .

Definition
r(7,8) = B means 3 — (7,6)% but ¢ —4 (v,6)? for all ¢ < B.

Example
(3,3) = 6.
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Notation
For a graph G let

» n = ng be the number of its vertices,

» ¢ = e be the number of its edges and
— — 2¢c i

> d=dg = oy be its average degree.

> d7T = d7** be its maximum degree.

» « = aqg the minimal size of an independent set.

Theorem (Turan, 7)
n

>
Y2 UF
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Observation
For triangle-free graphs, a > d.

Corollary
n(n+1) — (n,3)%

Theorem (Erdés, 1961)

There is a constant ¢ > 0 such that

_(ln(n))QJ —+ (n,3)” for all

natural numbers n.

Theorem (Graver & Yackel, 1968)
en?In(In(n))

There is a constant ¢ > 0 such that
In(n)

_ J — (n,3)?

for all natural numbers n.
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Theorem (Ajtai, Komlds & Szemerédi, 1980)

2
There is a constant ¢ > 0 such that { o J — (n,3)? for all

In(n)

new?2.

Theorem (Shearer, 1982)
n(dln(d) + 1 — d)

>
“Z T a1

for triangle-free graphs.

Corollary

An version of the Theorem of Ajtai, Komlés, and Szemerédi with
smaller c.
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Theorem (Kim, 1995)

2
. cn
There is a constant ¢ > 0 such that {

J —#+ (n,3)? for all

In(n)
new\2.
Corollary
There is a constant ¢ > 0 such that chl?;)J 3+ (I, L3)? for all
new\2.
Notation

k — (In, L,)? if and only if every oriented graph on a set of size
k has an independent set of size m or a complete cyclefree
subgraph of size n.

Theorem (Erdés & Rado for k = w, Baumgartner for
cardinals Kk > w)

kk — (km,n)? if and only if k — (I, Ly,)? for all infinite
cardinals k.
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Theorem (Ramsey's Theorem for two colours)

w —> (w,w)™ for every natural number n.

Definition

r(I1, L) = n means n — (I, Ly,)? but p —% (I, Ly, )? for all
p<n.

Example (Erdés & Rado, 1956)

r(I2, L3) = 4.

Example (Bermond, 1974)
8 — (I3, L)*.
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Theorem (Stearns, 1959)

2n=1 — (I, L,)? for all natural numbers n.
Example (Larson & Mitchell, 1997)
13— (Iu, L3)2.

Theorem (Larson & Mitchell, 1997)

n% — (I,,, L3)? for all natural numbers n.

An Improved Upper Bound

Theorem (lhringer, Rajendraprasad & W.)
n?—n+3— (I,,L3)? forn € w\ 2.
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Lemma
T(In+1, Lm+l) < ZT(InJrl, Lm) + T(In, Lm+1) + 1.

Proposition

We have r(I,,, L,) < v(m,n) for all natural numbers m and n
with m > 2 and n > 3 where

n—2 ,.
— 1\ . .y
v(m,n) = z—i-'m 2" — mn "3 4 1.
— 1+1 m —4

?

Example (Rajendraprasad)
14—/ (I, Ly)*.

Corollary
7"([4, Lg) =15.
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Example
22 /s (I, Ly)>.

Corollary
7"(.[4, Lg) = 23.

Examples
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Theorem (Alon, 1996)

Considering a graph with at least one edge in which the

neighbourhood of any vertex is r-colourable, we have
n1d(d™#)

“Z 160dm>1d(r + 1)

Corollary
508n?

Ld(n)J — (I, L3)%
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Lemma (Alon, 1996)

Let F be a family of k distinct subsets of an n-element set X .
Then the average size of a member of F is at least
1d(k)

ld(k)+n) "
101d (485

Lemma (Tentative Improvement, Almost Proven)

Let F be a family of k distinct subsets of an n-element set X .
Then the average size of a member of F is at least

(3 —v8)1d(k)
1d (ld(k)+n) ’

1a(k)
Note that 3 — v/8 > 1.




Ordinal Ramsey

Theory

The Lemma would yield the following:

Proposition (Almost Proven)

Considering a graph with at least one edge in which the
neighbourhood of any vertex is 2-colourable, we have
S n1d(d™m)
oz ——"
13dmax

Corollary (Almost Proven)
2 2
{MES(%J — (I, L3)? for all natural numbers n.
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This all hinges on proving the seemingly true inequality

(2—\/5)37
H<2ld(l+i) < z for all z € [0,1]

where H is the binary entropy function
H:0,1[—R
zr——1ld(z)e—-1d(1—-2)(1—2a)
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H(;;T‘/?g)) and z

1, |

0.8} N

0.6 |- N

0.4} B
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27\5)1
}1(2kﬂl+%))__x

0.1} a

51072
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( 2—\/5):6

21d(1+§)) and z, closer to 0.

0.1 5

1072 | :

| | | | |
0 2.107%4-1072%6-10"28-102 0.1
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Observation
rin+1,3) —r(n,3) <n+1.

Proof.

Fix a vertex v in a graph on r(n,3) + n + 1 vertices. Then either

v has a neighbourhood of n + 1 vertices or v is independent from

a set of size r(n, 3). O

An Upper Bound
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Proposition (Graver & Yackel, 1968)

Let G be a (3,y)-graph on n points with e edges. Let p; and py
be two points of G a distance of at least 5 apart (i.e., any path
Joining p1 and ps has at least 5 edges). Denote the valence of p;
by v;(i = 1,2); and let K; represent the v; points which are
adjacent to p;. Finally let G’ be the graph formed by removing
from G the points p1 and po and all edges with p1 or ps as
end-points, and then adding all edges between points in K1 and
points in Ko. Then G’ is a (3,y — 1)-graph on (n — 2) points with
[e + (v1 — 1)(v2 — 1) — 1] edges

Corollary
r(n+1,3)—r(n,3) =3 foralln € w\ 2.

Conjecture (Erdds & Sés)
1in}inf7“(n +1,3) —r(n,3) = co.




2 415
314191523
41 8 |1
5|14
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Observation
T(In+1, Lg,) — T(In, Lg) <2n+1.

Proof.

Fix a vertex v in a graph on r(I,,, Ls) + 2n + 1 vertices. Then
either v has an in-neighbourhood of n + 1 vertices or an
out-neighbourhood of n 4 1 vertices or v is independent from a set
of size r(I,, L3). O

Proposition

Let e, i, and n be natural numbers. If there is an oriented graph
all whose triangles are cyclic and all whose independent sets are
smaller than i,with e edges on n vertices one of which is v having
degree d, then there is an oriented graph on n + 5 vertices with
2d + e + 9 edges all whose triangles are cyclic and all whose
independent sets have size at most 1.

Corollary
r(In41,L3) = r(In, Ls) + 5 foralln e w) 2.
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Definition
We identify O with red, 1 with blue and 2 with green arrows.

/\ AN
ANVAVAWANYN
ANVANVANYN
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Theorem

Fori€ 3\ 1 and k € Q\ 3 such that kK — (k)3 the partition
relation k'l —s (k'm,n) holds true if and only if every coloured
digraph C = (1, A, ¢) with ran(c) = 2i — 1 contains an independent
set of size m or there is a subtournament S of C' induced by a set
of n vertices such that all triples in S are agreeable.

Lemma
T(In+1, A3) < T‘(In, A3) + 2r(1n+17 L3) +4n—1 foralln e w \ 2.

Theorem
For all n € w\ 2 we have

P, As) < (2n+1)(n§+4n—6)' (1)




Theorem
’/‘(Ig, A3) = 10.

Proof.
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Theorem (Hajnal, 1971) Theory
The continuum hypothesis implies w? — (w?,3)2. -

Theorem (Erdés & Hajnal, 1973)
The continuum hypothesis implies wyw —/ (wiw, 3)2.

Theorem (Baumgartner, 1975)

w? — (w?,3)% implies the Souslin hypothesis.

Theorem (Takahashi 1987)

T Ny implies w? —/+ (w?,3)2.
Theorem (Takahashi, 1987)

2 =Ny = | implies wiw — (wiw, 3)2.
Theorem (J. Larson, 1998)

0 =Ny implies w? —~+ (wi,3)%.

Theorem (J. Larson, 1998)
0 = Ny implies wiw —~ (wiw, 3)2.
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Theorem (Lambie-Hanson & W., 2016)
b=X; = T implies wiw —/ (wiw, 3)2.

Theorem (Baumgartner, 1989)

MAy, implies wiw — (wiw,n)? for all natural numbers n.
Definition

A triple is called strongly agreeable if and only if it is agreeable

and does not contain any green arrow. So it is strongly agreeable
precisely if it is one of these:

AN AN AYWAYWAYWA
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r(kAm,n) = kAr(Ly, Sy) for k weakly compact and any cardinal
A€Er\w.

Theorem
If MAy, holds true then r(wiwm,n) = wiwr(ly,, Sy).

Lemma
r(Im+1,53) < r(Im,S3) +4m +1 forallm € w\ 2.

Theorem
For allm € w\ 2 we have r(I,,S3) < m(2m — 1).

Lemma
For all n € w\ 3 we have r(I2, Sp41) < 4r(l2,S,) — 2.

Theorem
For any n € w\ 3 we have

477,71 + 2

T(IQaSn) g 3




Ordinal Ramsey
Theory

Lemma
T(Im+1, Sn+1) g T‘(Im, Sn+1) + 4T(Im+1, Sn) — 3 for all
mew\2andallnew)3.

Theorem
For allm € w\ 2 and all n € w\ 3 we have r(I,,,S,) < u(m,n)
where

w(m, ) ::i(3+7§1 (””;_2)42'). 2)
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Theorem
7“([2, Sg) = 6.

Proof.

Dropping a colour




Theorem
7“(]3, Sg) = 15.

Proof.

T

SO=08
G
f‘tﬂ.bA ) y‘\
"v 4 N \’

() .
(A
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Theorem (Specker, 1956)

w? — (w?,n)? for every natural number n.
Theorem (Specker, 1956)

w? A (W, 3)%

Theorem (Nosal, 1972)

7“(0.)3, n) — w[ld(n)]+2_

Theorem (Nosal, 1976)

r(w™, n) = WO for m c W\ 5.

Theorem (Chang & Milner)

w¥ — (w¥,n)? for all natural numbers n.
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Theorem (Chang, Darby & Schipperus)

If the additive normal form of 3 < wy has one or two summands,

then w*’ — (w*”,3)2.

Theorem (Darby, Schipperus, Larson)
IFB >~ 21, thenw™" —4 (" 5)2.

Theorem (Darby & J. Larson)

2 2
W — (W, 4)%
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Question

What is r(I3,L4)??

We know that r(I5, Ls) € 25\ 21 = {21,22,23,24}.

For context:

Theorem (Codish, Frank, Itzhakov & Miller, 2016)
r(3,3,4) = 30.

Question
What is the order of growth of r(I,, As)?

Question

1irr}infr([n+1, L3) —r(I,,L3) =007
Question

lirr}infr(InH, S3) —r(I,,S3) =007
Question

liminfr(ly41, As) — r(ln, A3) = 007
n, oo




Question

Can Nosal’s theorem be extended to
r(w™, n) = w1 for m € w )\ 47

Question
w” — (w*’,3)27

Question
Is w? — (w?,3)? consistent?

Ordinal Ramsey
Theory

Open Questions
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