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Introduction

Results of Vopénka's seminary in Prague, mainly of
the 1960's and 1970's. The results were often
published in terminology of Semiset Theory. That
was reason why many set theorists did not read those
results in spite of the fact, that the translation of
them to the set theory language is rather trivial.
2017 L.B. in Comment. Math. Univ. Carolinae, in
which | needed some results about support. The
reviewer wrote:

"The Czech's school's work in Set Theory in the
1960's and 1970’s is not readily accessible in the
west. Personally, | found the paper both useful and
interesting."
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Introduction

L.B., Extensions of Inner Models of ZFC, In:
Research Trends in Contemporary Logic, (D. Gabbay,
M. Fitting, M. Pourmahdian, A.Rezus, and A.S.
Daghighi, eds.), College Publications London, to

appear.
The results were presented in the set theory language.
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Notations and Terminology

The terminology and notations are those of [J]

T. Jech, Set Theory, Springer 2003, with the
exception that by inner model M we understand
transitive class such that Ord C M and (M, €) is
a model of ZFC.

It M, N are inner models and M C N, we say that
N is an extension of M.

Often we shall work with an inner model M and the
extension M C V. Indeed, if NV is an inner model
then VY = N

If M is an inner model, © C M is a set, then M|x] is
the least inner model such that M C M|z] and

x € M|x], compare [J], Exercise 13.34.
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Balcar — Vopenka Theorem

Theorem 1 (B. Balcar and P. Vopénka 1967)

M C N;, M C Ny are extensions. If
P(Ord) N Ny = P(Ord) N Ny then Ny = Nj.

| A

Corollary 2

If M is an inner model then the universe V is
uniquely determined by P(M).

That was the idea of The Theory of Semisets:
element x € M is a set, subset p C M
is a semiset.
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Notations and Terminology

M is an inner model, 7,0 C M. The set 7 is
dependent on the set o over M, written
Dep,, (7, 0), if there exists a binary relation r € M
such that

r=r"o={yermg(r): (3x €o)(z,y) €r}.
For any sets 7,0, p C M we have

(DepM(Ta 0) A DepM(Ja p)) —
DepM(ﬂ P)~

If 7 =r{o and 0 = rjp then 7 = (r; 0 12)"p.
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Support

(DepM(Tu O)ADepM(pa U)) — DepM(Gi (7_7 p)’ 0) (1)

for i = 6 — 10, where GG; are Gdodel operations.
Note that (1) has no sense for G1(1, p) = {7, p}.
A set 0 C M is a support over M if for any sets
T,.pC M

(Depy(7,0) A Depyr(p, 7)) = Depyy(7\ p, o).

If o is a support then (1) holds true for i = 2 — 10.
o is a total support of N over M if every

T €N, 7 C M is Depy(r,0).

A total support is a support.
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Generic Extension

Let M C N be a generic extension. |.e.:

(P, <) is a forcing in M, e: P — B(P) is the
embedding of P into cBa B(P), see [J], p. 206,

G C B(P) a filter generic over M and N = M|[G].
Fort C A€ M, 7 € N, there exists a function
f:A— B(P), f € M, the name of 7, such that

T={xecA: f(x) e G} = f1(G).
If o = PN G, then 7 = 1”0, where

r={(p,x):pe PNz e ANne(p) < f(2)}.
Both ¢ and G are total supports of N over M.
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Support

If o C P € M is a support over M, then there exists
a relation r € M such that

P(P\o)NM =1"c.

Proof. P(P)N M = r{c where p € o is fix and
ri=A{p,u):ueP(P)NM}.
{fuCP:ueMANoNu+#D} =rio where
ro={(p,u) :peuC PANue M}

Since o is a support, there exists a relation r € M

"o =rlo\rjo=P(P\o)N M. ]
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Generic Extension

If M C MJo] is a generic extension then the
equation of Lemma 3 holds true with

r={(p,u) € PxP(P)NM : (Vg € u)pAqg=0}.
In Boolean case
P(B\G)NM = f(G),
where f € M and
flu) == u
for u C B(P), u€ M.
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Normal Form of a Support

Theorem 4 (P. Vopénka 1972)

If o C M is a support then M C M|o]| is a generic
extension.

Beautiful Balcar's Theorem about
Normal form of a support.

Theorem 5 (B. Balcar 1973)

If o C P € M is a support then there exist

an equivalence relation ~€ M on P and a partial
order <€ M such that o/ ~ is a filter on (P/ ~, <)
generic over M.
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Support

Following Balcar's proof in 2018, | succeeded to
prove an addition to Balcar's Theorem 5.

Theorem 6 (L.B. 2018)

If there exists a function f € M such that
P(P\o)NM = f_1(0), then there exist

an equivalence relation ~€ M on P and a partial
order <€ M such that (P/ ~,<) is cBa in M,
o/ ~ is a filter on (P/ ~, <) generic over M.
Moreover, for every u C P, u € M we have

] == {la]:xeul.
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Support

Theorem 7 (The Product Lemma)

/fMQ = Ml[O'l] and M3 = MQ[UQ], where 01 Q M1
is a support over My and o9 C M is a support over

My, then o1 X o9 is a support over My and
M3 = Ml[()'l X 0'2].

Proof. Let 7 C My, 7 € M3. Then 7 = r9y” 09 and
ro = 11”0y for some r; € M; and 9 € Ms. Thus

reT= Ty €0y (y,r) Eryg =
(Jy € 09)(Fz € 01)(2, (y,x)) € 11.

Let r = {((2,9),2) : (2, (y, 7)) € r1}. Then
T=1r"01 X 09.
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Proof of Theorem 5

Proof of Theorem 5. By Lemma 3 thereisr € M
such that P(P \ o) N M = r"0. Define the

"incompatibility" relation
R=A{(p,q)ePxP:(FueM)(((p,u) erNqge€u)V
((q,u) € Ap€u)) Ap#q}.

Then R € M and we have:
(i) R is a symmetric antireflexive relation on P.
(ii) R"{p} C P\ o foranypeo.
(iii) Forany u € P\ o, u € M, there exists a p € ¢
such that u C R"{p}.
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Proof of Theorem 5

(i) is by definition.

(i) Let ¢ € R"{p}, p € 0. Then there exists u C P,
u € M, such that

either: ¢ € u and (p,u) € r. Since p € o we obtain
uC P\o. Henceqe P\ o.

or: p € uand (¢,u) €r. Sincew € P\ o we obtain

qé¢o.

(iii) Let w € P\ 0, u € M. By the Lemma there
exists a p € o such that (p,u) € r. Then (p,q) € R
for every g € u. So u C R"{p}.
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Proof of Theorem 5

Set

p~q=R{¢}=R"{p}, p<q=R"{q¢} CR’ {p}.

Claim: o is a filter on (P, <) generic over M:

If p,q € o then R”{p} U R"{q} C P\ o. By (iii)
there exists a t € o such that

R {p} UR{q} C R’{t}. Thent <pandt<gq.
We show (p < gAp € o) — q€o. Assume q ¢ 0.
By (iii) there exists a t € o such that

R {p}U{q} C R’{t}. Then (t,q) € R, hence
(q,t) € R as well. Since R”{q} C R”{p} C P\ o,
we obtain t € P\ o — a contradiction.
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Proof of Theorem 5

Let u C P, u € M. Assume uNo = (. We show
that w is not dense in (P/ ~, <)..

By (iii) there exists an p € o such that u C R”{p}.
Claim p is incompatible with every element of u.
Assume not. Then there existsa g € uandat e P
such that ¢ < p and t < ¢q. Since R”{p} C R"{t},
R”{q} € R’{t} we obtain

geu—qe R {p} >pe R {q} —
p€ R {t} >te R {p} >t e R {t},

a contradiction.
Hence u is not dense in (P/ ~, <). O
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Boundedness Property

M C N be an extension, k regular cardinal in M.
The k-boundedness property Bd; y(k):

(Ve C M,z € N)(3a € M)3By € N) (|a]M < kA
ySahz=y)
Bdy(k) means Bdyy (k).

Let M C N be an extensions, k being cardinal in M.

Then Bdys n(k) holds true if and only if

(Vo C Ord,x € N)(3a € M)(3y € N) (|a] < A
yCanz=|]Jy).
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Boundedness Property

If V= M|G], where G C P is a filter on a poset P
generic over M, |P|M < k, then Bdy(k).

If x Cbe M,z € M|G], then there exists a relation
r C P x b such that x = r"G. Set

a={r"{p}:pe P}, y={"{p}:pecG}

Theorem 9 (essentially P. Vopénka 1972)

Let M be an inner model, k being a cardinal in M.
If Bdy(k) holds true then there exists a partially
ordered set P € M, |P|* < k, and a filter o C P
generic over M such that V = M|o].
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Boundedness Property

Proof. We follow the proof in [VH], p. 207.
Let A = |[k]<"|V. There exists aset p C X\ X K

(V7 € [6]™)(3 € A) 7 = p"{¢}

For such a & we set r = {((£,n),n) : n € K} and we
have 7 = r"p. Thus, Dep,,(7, p) for any 7 € [k]<".
By Bdy(k) for any set u C M there exists a set
a€ M, |a]™ < k and a set y C a such that

1= Jy. Therefore Dep,,(u,y). Since |a|Y < &
there exists an injection f : a Rt k, f € M. Then
f(y) € [k]=". Hence Dep,,(y, p). Therefore

Depys (i, p), consequently p is a total support of V'
over M.
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Boundedness Property

Using Bdy;(k) again, there exists a set P € M,

|PIM < k and a set ¢ C P such that p=|Jo. Then
Dep,s(p, o). Thus o is a total support of V' over M.
The Theorem follows by Theorem 5. ]

Corollary 10

. Let M; C My C Ms be extensions, M; C Mj
being generic. Then both extensions M, C Ms and
My C Mj are generic as well.

Proof. If M; C Mj is generic, then Bdyy, i, (k)for
some k. By Lemma 8 we have Bdjy, ar, (k) and
BdMQaM3(|K"M2)' L
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Approximation Property

The k-approximation condition Apry; y (k)"

(Vf € N, f a function, dom(f) € M,rng(f) C M)
(39 : dom(f) — M, g € M)(Vx € dom(f))
(lg(@)* <r A fx) € g(x)).
Apra(k) means Aprav (k).

Theorem 11 (L.B. 1973)

Let M be an inner model. V is a k-C.C. generic
extension of M if and only if Aprys(k) holds true.

"1-C.C. generic" means "generic with a k-C.C. cBa".

In [FFS] the authors say that M k-globally covers N. In [Sch] the author
says that M uniformly k-covers N. Both papers [FFS] and [Sch] contain
an alternative proof of Theorem 11.
Lev Bukovsky Extensions of Inner Models of ZFC




An Application

k a measurable cardinal, U a k-complete
nonprincipal ultrafilter on k.

By Mostowski collaps 7 : “V/U — M the
ultrapower “V/U is isomorphic to an inner model M.
j is the elementary embedding j : V. — "V/U.
7(j(k)) is measurable in M. We can iterate.

Set My = M, jo = j, mp = m. By induction

My = MM C My, jup1 = M, mpgy = o,

We set ig = Jo © M, @nt1 = Jnt1 © Tnt1 O Iy

M, is the direct limit of (M, i, : n € w).
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An Application

Theorem 12 (L.B. 1973)

Let N = (), M,. Then M,, C N is a generic
extension, cf (k,)N = w, Card™ = Card™-,

|dea of the Proof:

N is closed under Gédel operations.

N is almost universal since the cumulative hierarchy
is VfN =V:NN€eN.

Fix ={£ € Ord : ip(§) = &} is a proper class. For
a given © € N we can construct f : dom(f) — z,

onto

dom(f) C Flix, such that i,,(f) = f for any n € w.
We obtain AC in N.
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An Application

Similarly we obtain Apry, n(K}).
Since ig(«) € Card for any a € Clard, we obtain
Card" = CardM-.

H
L.B. 1977 and independently P. Dehornoy 1978 have
shown that the extension M, C N is actually the

generic extension over Prikry forcing constructed
in M.
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Two Cohen’s Theorem

We present some results about existence of specific
extensions of an inner model.

Borel denotes the set of all Borel subsets of [0, 1].
M is an inner model. There is a mapping

4 : Bore — Borel,

preserving complements and countable unions of sets
from M, see R.M. Solovay 1970, T. Jech [J] p. 511.
A real ¢ € [0,1] is Cohen over the inner
model M if ¢ € #(A) for any comeager Borel set
AC|0,1], Ae M.

Similarly a real random over M.
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Two Cohen’s Theorem

Theorem 13 (Two Cohen's Theorem)

Let M be an inner model, |P(w) N M| =N,
a € [0,1] being a real. Then there exist two reals
c1, co Cohen over M such that ¢; + ¢o = a.

R. Solovay 1960’s.

B. Balcar and P. Hajek 1970’s.

J. Truss 1970’s.

Proof was not published. | suppose that the first
proof (different from those by the above mentioned
authors) was published in my paper Cogeneric
extensions, in Logic Colloquium '77.
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Proof of Two Cohen’s Theorem

Proof. Let C'={c € [0,1] : ¢ is Cohen over M},
Since |P(w) N M| = Xy, also |Borel | = X
Thus C'is comeager G-set.

T2

r1+x2o =a (Oa)

(a,0) 1 !
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Proof of Two Cohen’s Theorem

The straight line 1 + z9 = a intersects the square
[0,1] x [0,1] in a segment R with end-points (0, a)
and (a,0). Denote

01:C><[0,1], 02:[0,1]><C.

The projections from the axes x1, x9 on the straight
line 1 + x9 = a are homeomorphisms. Thus both
sets C1 N R and C5 N R are comeager Gs-sets in R.
Hence C71 N Cy N R is comeager in R as well;
therefore non-empty. If (¢1,¢2) € C1 N Cy N R then
c1,co € C are Cohen over M and ¢1 + ¢o = a. H
Similar arguments work for random reals.
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Two Extensions of an Inner Model

Corollary 14

Let M be an inner model, |P(w) N M| = Rq. For
any real r random over M, there exist two reals c1, co
Cohen over M such that ¢; + co = 7.

Corollary 15 (Non-cogeneric Extensions)

Let M be an inner model, |P(w) N M| = Ny.
Assume that a € [0, 1] is a real that cannot be in

a generic extension of M (e.g, M = L and a = 0%).
Then there exist two reals c1, co Cohen over M such
that there is no generic extension M C N which
would be a common extension of both inner models

M[Cl], M[CQ].
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Two Extensions of an Inner Model

Let M be a transitive set, (M, €) being a model of
ZFC. M C N is an extension of M if N is
a transitive set, model of ZFC, and Ord™ = Ord" .

Corollary 16 (Non-coextensive Extensions)
If M is a countable transitive model of ZFC, then

there exist two reals c1,co Cohen over M such that
there is no common extension of both models

M[Cl], M[CQ].

Proof. Since M is countable there is a real a that
codes the well ordered set (Ord™, €). Take
c1+ C = a. ]
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Two Extensions of an Inner Model

The extensions M C Ny and M C N, are disjoint
if Ny NNy =M.

The extensions M C Ny and M C N5 are
separated if for any disjoint sets x1,x9 C M,

21 € N1, 19 € Ny there exists a set x € M such that
21 C o and o Nz = ), equivalently, if

xr1,T9 Ca € M, then x1 C z and 29 C a \ z. Thus,
the property "separated" is symmetric.

The extensions M C Ny and M C N5 are
cogeneric if there exists a generic extension

M C N such that Ny € N and N; C N.
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Two Extensions of an Inner Model

Theorem 17 (L.B. [Bu4])

Generic extensions. M C Ny and M C N, are
separated if and only if there exist posets P, € M,
i =1,2 and a filter G C P, x P, generic over M
such that N; = M|GN P}, i =1,2.

Proof. Let M C Ny and M C N, be generic
separated extensions. P, € M is poset, G; C P is
filter generic over M and N; = M|[G,] fori =1,2.
(71 is generic over No: if A C P, A € N»,

ANG; =0, then there exists Y € M such that
ACY and YNG; =0. Then Y is not dense in P;.
So neither A is dense in P;. N
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Two Extensions of an Inner Model

Corollary 18 (L.B. [Bu4])
Separated generic extensions are cogeneric.

Theorem 19 (L.B. [Bu4])
Separated extensions are disjoint.

Proof. Let M C N; and M C Ny be separated
extensions. Assume that the set x C a € M belongs
both to N; and N,. We show that z € M. Indeed,
since the extensions are separated, there exists a set
z € M such that z C z and (a\ ) Nz = 0. Then
z=ux. Hence xz € M. O
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Two Extensions of an Inner Model

Theorem 20 (L.B. [Bu4])

It is consistent with ZFC that there exist cogeneric
disjoint extensions that are not separated.

Proof. Let |P(w) N M| = Xy. There exist a real

r C w random over M and a real ¢ C w Cohen over
Mlr]. If f:w— (w\7), f € M]r]is a bijection,
then ¢y = f_1((w \ ) Nc) is Cohen over M|r] and
Mlrlles] € M@\ ) el

The extensions M C M|r] and M C M| are
cogeneric and disjoint. If r C x € M, then w\ x is
finite. Thus ¢g € w \ . Therefore the extensions

M C M|r], M C M]|cy| are not separated. O
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Two Extensions of an Inner Model

Theorem 21 (L.B. [Bu4])

Let M C Ny, M C N5 be extensions. Then Ny, N»
are disjoint cogeneric extensions if and only if there
exist Boolean algebras By, By C B € M complete
in M such that for every u € B, u # 0 there exists
av <wu,v#0 such that By|v N Bylv = {0,v} and
an ultrafilter G C B generic over M such that

Ni :M[GQBZ] for i = 1,2

Lev Bukovsky Extensions of Inner Models of ZFC



Thank you

for your attention
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Approximation Property — Proof

Lemma 22 (L.B. [Bul])

Let M be an inner model. If a C wy and Apry(Nq)
holds true, then M|a] is a generic extension of M.

Proof. We consider the set a as an element of [0, 1]
and we set

j={Ac Bore : a € #(A)}.

j is an ultrafilter on Bore closed under

intersections of countable families from M and

MTla] = M[j]. We show that j is a support.

Claim: (Vr,r € M, r relation, dom(r) C Borel)
(3h € M function) r"j = h_1(j).
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Approximation Property — Proof

Let » C Bore™ x P, where P € M. For z € P set
R(z) = {A € Borel : (A, z) € r}.

Evidently R € M. By AC in M[a] there exists

a function f : P — Borel such that

f(z) € jNR(z), if jN R(x) # 0 and

f(x) =0 € BM otherwise.

By Apry(Ry) there exists a function g € M,

g: P — ([Borel|<™)M such that f(z) € g(x) for

each x € P. We set h(x) = J(g(x) N R(x)). Then

rng(h) C Bore, h € M and

h(z) € j=jNR(x) #0D.
Thus "7 = h_1(j).
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Approximation Property — Proof

If Depys(yi: 7). then y; = (hi)-1(j), set

| hi(z) \ hao(z) if x € dom(hy) N dom(hs),
hz) = { hy(x) if z € dom(hy) \ dom(hs).

Then h € M and 1 \ y2 = h-1(J). O

Corollary 23 (L.B. [Bu5] and J.L. Krivine [K])

If Apry(k) and p C P € M, then the inner
model M |p] is a generic extension of M .

Proof. Collapse a cardinal A > k, A > | P| to N,.
The collapse map and p may be coded by a real a.
Then Apras v (N1) holds true. Working in Va]
apply the Lemma 22. ]
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Approximation Property — Proof

If V' is a generic extension of M and Apry (k) holds
true, then V' is a k-C.C. generic extension of M.

Proof. Assume that V' = M[G], G is an ultrafilter on
an M-complete Boolean algebra B generic over M.
Let D ={D C B: D is a partition of BA D € M}.
We set f(D) =a € GND for D € D. By Apra(k)
there exists g : D — [B]|*", such that g € M and
f(D) € g(D) for each D € D.

Then a = Apep V 9(D) € G and the Boolean
algebra Bla is k-C.C. O
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Approximation Property — Proof

The Theorem 11 follows from the following

Lemma 25

If B is a complete atomless k-C.C. Boolean algebra,
then the first cardinal \ such that B is not

(A, k)-distributive is A < K.

Thus if Aprasn(k) holds true, then N = M|p],
where A = |P(x)M | and p C X\ x k is such that

P(r)" = {p"{€} : £ € A}

Proof. If A > k we can construct a strictly
decreasing k-chain. Thus \ < k.
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Approximation Property — Proof

Let M C N, p be as in the Lemma. Assume that
M]{p] # N. Then there exists a set of ordinals

a C Ord, a € N such that a ¢ M[p].

Since ApTM[pLN(KJ) holds true, by Corollary 23,
M/p][a] is a generic extension of M |[p]. Therefore
there exist a k-C.C. Boolean algebra B and

an ultrafilter G C B generic over M|[p] such that
Mlp)[a] = M[p][G]. Since P(x) C Mp][a], we
can assume that the Boolean algebra B is

(K, k)-distributive. Thus A > k. However, since
a & M|p], we can assume that the cBa B is atomless

Therefore A\ < k — a contradiction. O
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